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Abstract

The multi-unit Vickrey—Clark—Groves (VCG) mechanism has two major weaknesses: it has high computational complexity and
monotonicity problems [Paul Milgrom. Putting Auction Theory to Work. Cambridge University Press, Cambridge, UK, 2004] such
that if goods are not substitutes for all bidders and if a bidder can submit bids under multiple identities, then the VCG is no longer
strategy-proof. To address these two weaknesses, we introduce a Binary Vickrey Auction (BVA) where goods are allocated in bundles
of sequentially-decreasing power-of-two items in multiple rounds. Because of the discrete allocation operations, the BVA is
computationally efficient. It is also robust against buyer multi-identity bidding by discouraging a bidder splitting his single bid for a
larger bundle into several bids under multiple bidder identities for smaller bundles because the BVA favors bids for larger bundles with
earlier considerations and cheaper prices.
© 2006 Elsevier B.V. All rights reserved.
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outcomes. False-name bidding has two possible sources,
the seller or a buyer. Seller false-name bidding, i.e., shill
bidding, are studied in Refs. [6,17,14] 3. This paper

1. Introduction

Internet auctions have become a powerful engine of
electronic commerce. But the ease of creating multiple
screen-names has allowed false-name bids — bids made
under fictitious names [21] — to unlawﬁllly alter auction 3 Shill bidding in English auctions is the use of insincere bids on the
seller’s behalf to artificially drive up the price [17]. Ref. [6] shows
that shill biding in common-value auctions reduces the expected
utilities of both the seller and the buyers. Ref. [14] finds that shill
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bidding in a private value auction with discrete bid increments can
either increase or decrease the overall social surplus depending on the
relative aggressiveness of the highest bidder. Ref. [17] shows that the
seller can increase her expected profit using shill bidding in a private
value auction when there are heterogeneous bidders. It also suggests a
shill-deterrent intermediation fee structure.
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studies buyer false-name bidding, i.e., multi-identity
bidding, in sealed-bid multi-unit online auctions, and
recommends a protocol for such an auction that is
computationally efficient and buyer-false-name-proof
(i.e., for each buyer truth-telling without using false-
name bids is a dominant strategy [21]).

Multi-unit auctions are widely practiced. They are
used to auction off financial instruments, electricity, and
spectrum, or to sell overstocked merchandise and assets
of bankrupt firms. In a discriminatory multi-unit sealed-
bid auction, bidders bid the quantity and the unit price,
and the winning bidders pay their bids (i.e., one’s pay-
ment is monotonic to one’s bids). This creates an in-
centive for bidders to bid less than their valuations.
Therefore, it is desirable to design incentive-compatible
multi-unit auctions, such as to extend single-unit Vickrey
auctions. The simplest extension of single-unit Vickrey
auctions to multi-unit is to use a uniform pricing where
winning bidders pay a uniform price equal to the highest
losing bid*. Unfortunately, in this simple generalization,
truth-telling is no longer a dominant strategy for a bidder
who buys multiple units; since they are more likely to
become pivotal bidders, they have an incentive to bid
less than their valuations or to reduce their demand [3].
The Vickrey—Clark—Groves (VCG) auction mechanism
[7,9,15] has been designed to overcome this problem,
where bidders submit bids for all possible subsets of the
items for sale® and the items are allocated to maximize
the sum of the winning bids. Each winning bidder pays
his bid minus his contribution to the social surplus, and
his contribution is how much the sum of the winning bids
would be reduced if this particular winning bidder were
not present. The VCG auction achieves socially optimal
allocations, and truth-telling is a dominant strategy for all
bidders when there are no bidder collusions.

Unfortunately, the VCG auction suffers from mono-
tonicity problems [11], that is, a bidder’s payment is a
non-monotonic function of other bidders’ payments, and
this leads to cases where adding bidders can reduce the
equilibrium revenues. When there are bidder collusions,
the VCG auction is no longer dominant strategy incen-
tive compatible. In online auctions, bidder collusion has
become a serious problem; the anonymity of the Internet
has enabled a large scope of bidder self-collusion via
multi-identity bidding, i.e., a bidder submits multiple
bids under both the legitimate and false identities in the
same auction. As we will show later, if there are buyer
false-name bids, and goods are not substitutes for all

4 It is the highest price where the demand exceeds the supply.
> The bids include implicit zero bids for all the subsets not
mentioned in bids.

buyers, i.e., some buyers have complementary valua-
tions where the value of a bundle is greater than the sum
of the value of the individual items, in certain cases a
bidder can increase his utility by splitting a single bid
for a larger bundle into multiple bids under false
identities for smaller bundles. In this way, truth-telling
in the VCG is no longer a dominant strategy. Another
weakness of the VCG, which is more well-known than
its vulnerability to buyer collusion, is that its allocation
has an NP-hard computational complexity—it is prac-
tically impossible to compute when the number of
bidders and items for sale is large because the time
required to calculate the optimal allocation increases
exponentially with the number of bidders and items. An
additional unfavorable feature of the VCG is that it
requires bidders to reveal their complete demand func-
tions to the auctioneer, but bidders may be reluctant to
provide this private information.

To address the weaknesses in the VCG auction, we
aim to design an auction protocol that is buyer-false-
name-proof, computationally efficient, and yet does not
require bidders to fully disclose their demand functions.

In the design, we need to consider the trade-off be-
tween optimization results and added constraints. Tra-
ditional mechanisms discussed in economic theories are
often the best choices; they are based on mathematical
optimization, abstract from execution environment and
applied technology. Consideration of the trading envir-
onments in practice will lead to sacrifices in objectives,
such as the reduction in social surplus, efficiency, or
simplicity. This is because the added constraints often
worsen the optimization results. Hence, our design goal
is to search for the second-best mechanism that is still
nearly optimal, but resilient to online fraud.

The possibility of creating false identities adds new
moves to the strategy space of the existing mechanisms.
These moves have not been widely considered in auction
literature and can break the equilibria of the games. In
fact, it has been proved that if there is complementarity
among auctioned units and buyers can submit false-name
bids, then there is no auction mechanism with a dominant
strategy equilibrium that satisfies individual rationality,
incentive compatibility, and Pareto efficiency [21,13].
An auction mechanism that makes buyer false-name bids
uneconomical has to sacrifice one of these conditions.
Since individual rationality is necessary to guarantee that
buyers do not lose by participating in the auction, our
goal is to design a false-name-proof mechanism that can
achieve a reasonably efficient allocation. The Revelation
Principle holds in any auction even if false-name bids are
present; it remains true that even with fictitious players
for any equilibrium in any game, there is an equivalent
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false-name-proof game [13]. This means that our search
for a reasonably efficient mechanisms that are false-
name-proof can be simplified to truthful mechanisms,
but the incentive compatibility condition must be ex-
tended to ensure that there is no incentive to make false-
name bids.

In the limited literature on multi-unit auctions, com-
plementarity among goods has not been studied well.
Most papers assume decreasing demand functions when
the unit price that a buyer is willing to pay decreases with
the number of units [3,12,8,1]. This assumption elim-
inates most of the incentives for buyer false-name bids.
Many papers have an even more restrictive assumption
that the valuation of a bundle is the sum of the valuations
of the elements in the bundle [4]. Unfortunately, com-
plementarity often exists, when a single unit may have
little or no value to the buyer, but multiple units are quite
valuable. Ref. [20] argues that if the number of units
desired becomes very large, the marginal utility of a unit
tends to decrease, but, if the number of units desired is
relatively small, complementarity often exists and the
marginal utility of a unit may actually increase. The sale of
tickets (e.g., opera tickets for a group or airline tickets for a
family trip) is a familiar example of an all-or-nothing case.
The allocation of computing resources (e.g., bandwidth),
electronic power, and the wireless communication spec-
trum also prefers the consideration of complementarity
among multiple units.

Ref. [18] were the first to introduce a buyer-false-
name-proof combinatorial sealed-bid® auction protocol
called the Leveled Division Set (LDS). The LDS uses
predefined division sets of the auctioned goods to restrict
the possible allocations. The division sets are arranged
into levels with each level being a “refinement” of the
previous one. The first level that allows for the allocation
of some goods is chosen to compute the auction out-
come. The LDS guarantees that bidders cannot benefit
from submitting several bids under multiple identities.
To achieve this robustness, the LDS drastically reduces
the social surplus by discriminating against bids for
small bundles and it often ends with unsold units even

© Ref. [2] describes an open ascending auction protocol which
achieves the same outcome as the VCG mechanism that operates
under the assumption that bidders have non-increasing marginal
demand. A modified version of this protocol has been developed by
Ref. [10], called the Ascending-price Option Allocation Protocol
(AOP), that allows complementarity in bidders’ valuations and is
buyer-false-name-proof. The AOP is computationally efficient and
can achieve high social surplus and seller profit. However, this paper
focuses on sealed-bid auctions, therefore, the design of an ascending
auction protocol is outside the scope of this paper.

when there are valid bids that could be fulfilled with the
remaining units.

Both the economic and computational efficiency of
the LDS depends heavily on the choice of leveled di-
vision sets and reserve prices. Moreover, the choice of
division sets depends on the bidders’ value distribution,
and therefore an inefficient allocation is always possible
when the bidders’ value distribution is an unfavorable
one. Ref. [16] introduced the Leveled Partition Set
(LPS) protocol derived from the LDS for auctioning
multi-unit identical items. The LPS is also buyer-false-
name-proof and is computationally more efficient than
the LDS, but it has the same weakness in the reduction
of social surplus. Ref. [20] proposed an Iterative Re-
ducing (IR) protocol also derived from the LDS. Unlike
the LDS, the IR protocol no longer requires the choice
of leveled division sets. However, the IR can still be
very inefficient because the auction may terminate even
when there are a large number of unsold items and, at
the same time, there are buyers with valuations above
the reserve price.

In this paper, we design a multi-unit, sealed-bid
auction mechanism called the Binary Vickrey Auction
(BVA) protocol. It is called a “binary” protocol because
both the bids and the allocation of goods are in various
bundles of power-of-two items. Bidders submit their
sealed bids for bundles of power-of-two items simul-
taneously and the auctioneer calculates the allocation in
multiple steps with sequentially-decreasing power-of-
two bundle sizes. In the first step, only a single largest
possible bundle of goods is allocated if a valid bid
for such a bundle exists. In each subsequent step, the
bundle size is halved. The allocation ends when the
demand exceeds the supply or the bundle size of one is
allocated.

In the BVA auction, the restriction of bids to bundles
of power-of-two items is necessary to achieve robustness
against buyer false-name bids. Allocating goods in a
sequential order with decreasing power-of-two bundle
sizes gives a single bid for a large bundle a one-step
earlier consideration than two bids for two bundles with a
halved size. Because of the discrete computation, the
computational complexity of the BVA is linear in the
number of bids submitted, and the allocation problem
requires minimal computing resources. In contrast, the
allocation in the VCG, LDS, LPS, and IR auctions can be
computationally infeasible sometimes. In addition, if the
number of items for auction is exactly an integer of
power-of-two (an auction seller may conveniently
determine such a lot size), the BVA, unlike the LDS,
LPS, or IR, guarantees the sales of all goods when there
are enough bidders whose valuations are above the
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reserve price. Otherwise, a partial bundle in the final
allocation step may remain unsold if the auction ends
before reaching the step of allocating items in the bundle
size of one.

The BVA mechanism favors volume buyers. This is a
desirable feature in many auction markets, especially for
business-to-business (B2B) transactions. Although a
BVA auction can allocate the goods to volume buyers at
a lower price even if there are buyers with demand for
small quantities willing to pay more per unit, a seller may
still prefer the BVA because she can lower transaction
costs and get quicker profits.

The article proceeds as follows. In Section 2, we
analyze some weaknesses in running the traditional VCG
auction over the Internet when it is possible for buyers to
submit false-name bids. In Section 3, we define the BVA
and analyze its pros and cons through proofs and
examples. In Section 4, we extend our design concept in
the BVA auction protocol into a buyer-false-name-proof
exchange market mechanism. Section 5 concludes the

paper.
2. Effects of buyer false-name bids in the VCG auction

In the VCG mechanism, bidders submit bids for all
possible subsets of the items for sale, and the mechanism
selects an allocation of a set of goods to bidders. Its
objective function is to maximize social surplus, which is
calculated as the sum of the bids for the set of goods
obtained by bidders and is equivalent (because of in-
centive compatibility) to maximizing the sum of utilities
of the participating agents, including the seller and bid-
ders. The seller’s utility is the winning bidders’ pay-
ments. A bidder’s utility is his valuation for the goods he
wins minus his actual payment. For each bidder, we
calculate how much he contributes to the social surplus
by calculating the difference between the optimal social
surplus and the surplus that would have been achieved in
his absence. Each bidder gets credit for his contribution
to the social surplus and only pays his bid minus this
credit. The auctioneer only knows the bids of the
participants but not their true willingness to pay, i.e.,
their valuations. However, to calculate the social surplus
and payments, the auctioneer assumes that bidders bid
their true valuations. This is a proper assumption because
in the VCG it is a dominant strategy for each bidder to
bid his valuation. For each subset of the goods, each
bidder must submit the maximum bid he is willing to pay
for that set.

Formally, let M be the set of goods to be auctioned, let
N={1,..., n} be the set of buyers, let 0 denote the seller,
let G: M— NU {0} be an allocation of goods to agents,

and v(G) be the bid of agent x for the set of goods
allocated to him G~ '({x}). The allocation under the
VCG is the optimal allocation G* whichmaximizes
>%1 vi(G). The payment of agent x is:

Px = we(G*)— (Z v (G*)~ Z"y(cﬂ:x)>
=3 n (G- w6 (1

y#Fx y#FX

where G*, is the optimal allocation when assuming that
agent x is absent in the auction.

The VCG mechanism is equivalent to the classic
second-price Vickrey auction when there is only a single
item for sale. The VCG can be also modified to add
reserve prices. In a reserve-price VCG, the social surplus
of an allocation is calculated as the sum of bids cor-
responding to the allocation minus the reserve price for
the set of goods allocated to bidders. Similarly, each
bidder’s payment is discounted by his contribution to the
modified social surplus. Note that the VCG without a
reserve price is only a special case of the VCG with a
reserve.

The VCG assumes that each agent maximizes his own
utility without colluding with other agents. When there is
no bidder collusion, the VCG mechanism is an incentive
compatible, direct mechanism. Truth-telling is an op-
timal, dominant strategy in the VCG, that is, one always
gain maximum advantage by declaring one’s true val-
uation, regardless of the valuations and strategies of
other bidders. It is clearly shown in Eq. (1) that for a
given allocation each agent’s payment is independent of
his own valuation in private-value auctions.

But the assumption that no bidder colludes may no
longer hold when the VCG is conducted over the Internet
where a bidder can easily self-collude by creating fic-
titious identities. The VCG is no longer incentive com-
patible because a buyer can reduce his payment by
submitting false-name bids: even though agent x’s
valuation does not appear in Eq. (1), x can still manipulate
his payment through the bids submitted under agent y,
y#x in the allocation calculation but in fact y is x’s false
identity(identities).

Ref. [18] has shown a simple example demonstrating
that the VCG is not robust against buyer false-name bids.
We introduce two examples to compare the effects of
buyer false-name bids on the VCG allocation. In both
examples, the reserve price for a single item is 7.

Example 1. In a reserve-price VCG auction where
r<$10, there are two tickets for sale and two bidders,
Alice and Bob. Alice would like to buy two tickets for
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$30 or one ticket for $15. Bob would like to buy two
tickets for $20 but does not want to buy a single
ticket.

The outcome of Example 1 is summarized in Table 1.
The optimal allocation gives both of the two tickets to
Alice and achieves a social surplus of $30—2r. If Alice
had not bid, the optimal allocation would have given two
tickets to Bob for a social surplus of $20 —2r. Alice’s bid
improves the social surplus by $10. Therefore, Alice’s
payment is $20.

Example 2 shows how Alice, still obtaining the same
number of goods, can reduce her payment by colluding
with herself through the use of a false identity.

Example 2. In a reserve-price VCG auction where <
$10, there are two tickets for sale and three bidders,
Alice, Fanny and Bob. Both Alice and Fanny would
each like to buy one ticket for $15. Bob would like to
buy two tickets for $20 but does not want to buy a single
ticket.

The outcome of Example 2 is summarized in Table 2.
The optimal allocation gives one ticket to Alice and one
to Fanny and achieves $30—2r social surplus. If Alice
had not bid, there would have been two possible al-
locations: 1) give one ticket to Fanny for $15—7 social
surplus; 2) give two tickets to Bob for $20—2r social
surplus. If $20—2r>$15—r, which happens if r<$5,
the optimal allocation would have given two tickets to
Bob. In this case, Alice’s bid improves the social surplus
by $10 and her payment is $5 (so is Fanny’s). Otherwise,
if #>$5, Alice’s payment is $15—($15—r)=r (so is
Fanny’s).

In fact Fanny is a false identity created by Alice. By
doing so, Alice obtains two tickets for max{$10,2r} (r<
$10), which is less than her payment of $20 in Example 1
even though the valuations of Alice and Bob remain the
same. Alice has reduced her payment by creating a false

Table 1
Example: a VCG auction without buyer false-name bids
Bidder Qty. Bid
Alice 2 $30
Bob 2 $20
Alice 1 $15
Bob 1 -
Allocation Alice 2
Bob 0
Payment Alice $20
Bob $0
Utility Alice $10
Bob $0
Seller $20-2r
Social surplus $30-2r

Table 2
Example: a VCG auction with buyer false-name bids
Bidder Qty. Bid
Alice 2 -
Fanny 2 -
Bob 2 $20
Alice 1 $15
Fanny 1 $15
Bob 1 -
Allocation Alice 1
Fanny 1
Bob 0
Payment Alice max {85, r}
Fanny max{$5, r}
Bob $0
Utility Alice min{$10, $15—r}
Fanny min{$10, $15—r}
Bob $0
Seller max{$10—2r, $0}

Social surplus $30-2r

identity and splitting her bid for two tickets into two bids
for one ticket each.

3. The Binary Vickrey Auction (BVA) protocol

In this section, we introduce the Binary Vickrey Auc-
tion (BVA) protocol designed to be robust against buyer
false-name bids as illustrated in Example 2.

3.1. Rules of the BVA auction

The main feature of the BVA is that it favors selling
large bundles. The allocation starts by allocating the
goods to the bids for large bundles. If any item remains
unsold after the allocation for large bundles, the bundle
size is halved and the allocation procedure is repeated.

Definition 3. (BVA)

The seller has M identical goods for auction with the
reserve price r for each item. Before the auction closes,
each bidder submits a package of sealed-bids with at
most one sealed-bid for each bundle size of 2, where
i=0,...,m,and 2" <M<2""". Each bid is labelled either
“conditional” or “unconditional,” except that a bid for a
single item is by default “unconditional”. The auction-
eer calculates the allocation in at most m—+1 steps,
starting with step 0. At step #(i=0,..., m), the auctioneer
only considers bids for the bundle size of 2. “Un-
conditional” bids are always considered; but “condi-
tional” bids are considered only if the “unconditional”
demand exceeds the supply at the given bundle size. Let
=[] denote the number of unallocated bundles for step
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i, where [x] denotes the largest integer not greater than x.
By definition, My=M and I,=1.
The allocation in step 7 is calculated as follows:

(1) Only bids for the bundle size of 2" goods are
considered.

(2) If 7;=0, the allocation proceeds to step i+1 or
terminates if i=m.

(3) If there are more than /; “unconditional” bids at or
above the reserve price, both the “unconditional”
and “conditional” bids are sorted in a decreasing
bid order. Each of the J; highest bidders gets 2"
items and pays the (/;+1)th highest bid. The
auction terminates.

(4) If there are [; or less “unconditional” bids at or
above the reserve price, each of these bidders gets
2" goods at the reserve price. “Conditional” bids
are not considered. If i=m or if there are no goods
left for step i+ 1, the auction terminates. Other-
wise, the allocation proceeds to step i+ 1.

In the BVA the seller always has non-negative utility
because each bidder pays at least the reserve price. Only
bidders who win in the last allocation step will pay more
than the reserve.

3.2. Robustness against Buyer False-name Bids

First, let us return to Examples 1 and 2 to see why the
BVA is robust against buyer false-name bids (see
Examples 4 and 5 as illustrated in Tables 3 and 4).

Example 4. In a reserve-price BVA auction where <
$10, there are two tickets for sale and two bidders, Alice
and Bob. Alice would like to buy two tickets for $30 or
one ticket for $15. Bob would like to buy two tickets for
$20 but does not want to buy a single ticket.

Table 3
Example: a BVA auction without buyer false-name bids
Bidder Qty. Bid
Alice 2 $30,U
Bob 2 $20,U
Alice 1 $15,U
Bob 1 -
Allocation Alice 2
Bob 0
Payment Alice $20
Bob $0
Utility Alice $10
Bob $0
Seller $20-2r
Social surplus $30-2r

Table 4
Example: a BVA auction with buyer false-name bids
Bidder Qty. Bid
Alice 2 $15,U
Fanny 2 $15, U
Bob 2 $20, U
Alice 1 $15, U
Fanny 1 $15, U
Bob 1 -
Allocation Alice 0
Fanny 0
Bob 2
Payment Alice $0
Fanny $0
Bob max{$15,2r}
Utility Alice $0
Fanny $0
Bob min{$5, $20—2r}
Seller max{$15—-2r, $0}
Social surplus $20-2r

Table 3 shows that when using the BVA in the same
setting as in Example 1, Alice bids $30 unconditionally
for two tickets and $15 unconditionally for one ticket.
Bob bids $20 unconditionally for two tickets. Alice wins
two tickets, and pays the second highest bid, $20, thus
the outcome and payment are the same as in Example 1
with the VCG.

Example 5. In a reserve-price BVA auction where r<
$10, there are two tickets for sale and three bidders,
Alice, Fanny and Bob. Both Alice and Fanny would each
like to buy one ticket for $15. Bob would like to buy two
tickets for $20 but not want to buy a single ticket.

Table 4 shows that when using the BVA in the same
setting as in Example 2, Bob bids $20 unconditionally
for two tickets, while Alice creates a false identity Fanny
and twice bids $15 unconditionally for one ticket. Alice
and Fanny also bid $15 unconditionally for two tickets
as well because in the BVA bids for two tickets are
considered earlier than bids for one ticket, and for each
of them two tickets are worth the same as one ticket. In
the BVA allocation, Bob win. The only way Alice can
win for two tickets is to submit an unconditional bid for
two tickets higher than Bob’s $20 bid. Alice cannot win
by creating a false identity and splitting her bid for two
tickets into two bids for one ticket as in Example 2.

Comparing Tables 2 and 4, we can also see that,
although the BVA reduces social surplus, the seller’s
utility in fact can be increased. It is not surprising be-
cause buyer false-name bidding is a fraud conducted by
bidders who try to steal utility from the seller, hence
eliminating the negative effects of this fraud provides the
seller the level of utility she deserves. The BVA is
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beneficial to the auction seller as well as to the auctioneer
because the auctioneer is paid by the seller. In a BVA
auction, bidders are unlikely to conduct false-name
bidding because they cannot benefit from it.

3.3. Proof of incentive compatibility

Theorem 6. The BVA is incentive-compatible even if
bidders can submit false-name bids.

To simplify, in our further discussion, we assume that
there is no bid below the reserve price because such a bid
can never affect the outcome of the auction. To prove
Theorem 6 we use the following lemmas:

Lemma 7. In the BVA, a bidder cannot increase his
utility by submitting false-name bids.

Proof. Let 2" be the largest bundle size (smallest i)
for which some bidder A has submitted />1 winning
bids. Among them one bid is legitimate and f—1 bids
are false-name bids. Let 2", i’<i be the smallest
bundle size for which 4 has not submitted any
unconditional bid. The total number of goods allocated
to A between steps i’ and i (including steps i’ and i) is

Z Zm*j + 2m*lf‘ _ 2m*i'_2mﬁ+1 + zm*lf‘

i'<j<i

=2 i)y =2 (2)

This means that there were less than 7 unconditional
bids for a bundle size of 2. Therefore A should have
obtained the same or even better utility by bidding
unconditionally for the bundle of 2", not bidding for
bundle sizes between 2" and 2", and submitting only
f—2 bids for the bundle size of 2”7 goods (see Eq. (2)). If
s0, A’s unconditional bid for 2" goods would have
won and he would have paid only the reserve price. /; is
reduced by 2 and the number of winning bids considered
at step i is also reduced by 2, since 4 submits /—2 bids
instead of f. Therefore, the sale price for the goods
allocated at step i does not change. 4 is better off since he
gets the same number of goods, but for 2 - 2" goods he
only pays the reserve instead of the price at step i (which
can be higher than the reserve). For the rest of the goods
allocated to him he pays the same.

Repeating this procedure we can see that 4 is better off
submitting at most one bid for all bundle sizes. [

Based on this lemma we subsequently assume that
each bidder submits zero or one bid at each bundle size.
We now proceed to prove incentive compatibility.

Lemma 8. A4 bidder can never increase his utility by not
submitting a bid for a bundle of 2""" goods when his
valuation for the bundle exceeds 2" 'r.

Proof. We will show that a bidder A4 is not worse off by
submitting his valuation as a bid for a bundle of 2"
goods when his valuation for the bundle exceeds 2" 'r.
Assume A submits a bid for 2" goods. Consider two
cases:

Case One | is not the final allocation step. If the bid is a
conditional bid, then it is ignored and the
outcome is the same as if 4 had not bid. If
the bid is an unconditional bid, it will win
and A4 obtains either positive or zero utility,
which is not worse off than the zero utility
that would have occurred if 4 had not bid.

Case Two i is the final allocation step. If 4 had not bid,
all the goods would have been allocated to
other bidders and 4 would have received
nothing. Therefore, 4 is better off by
submitting his valuation as either an uncon-
ditional or a conditional bid for 2" items. If
A does not win, he does not pay anything,
but if he wins, he pays at most his bid (i.e.,
his valuation). In either scenario 4 cannot
lose if he bids. |

Lemma 9. A bidder can never increase his utility by
bidding below or above his valuation.

Proof. Since in all but the last allocation steps winning
bidders only pay the reserve price, the actual value of a bid
is only considered in the last allocation step where winning
bidders pay the highest losing bid. Therefore, by bidding
below his valuation, a bidder can only reduce his chance of
winning but not decrease his payment. On the other hand,
by bidding above his valuation, he would not be better off
if a truthful bid had won, since he would still pay the value
of the highest losing bid. He would have to pay more than
his valuation if a truthful bid had not won, but the increase
in the bid makes him a winning bidder. ]

Theorem 6 immediately follows from the previous
lemmas.

3.4. Economic efficiency

In order to achieve the buyer-false-name-proof
property, the BVA mechanism often results in an
inefficient allocation, because bids for large bundles
always win over small bundle bids even if the small-
bundle bids offer significantly higher unit prices. But in
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all but a few special cases BVA allocates all goods to
bidders.

One special case occurs when step i is the final
allocation step but M; is not a multiple of 2", and this
happens if and only if M is not a multiple of 2", An
auction seller can easily avoid this case if she has
flexibility determining lot sizes. If it is not avoidable,
then some goods will stay with the auctioneer even
though there might be bidders who have submitted bids
for smaller bundles above the reserve price. One may
suggest that the BVA can be improved if the allocation
continues for smaller bundles. If so, however, Lemma 7
would still hold but Lemma 8 would not. Hence, the
incentive compatibility of the BVA is violated. For ex-
ample: if the reserve price is $1 and bidder 4’s valuation
for asingle item is $3 but any additional item is worthless
for him, 4 would not bid $3 for two goods if there is odd
number of items for sale even though his valuation for
two items exceeds the reserve. This is because 4 knows
that his bid for a single item will sooner or later be
considered, and, if his bid for two items wins, he will
have to pay at least $2, resulting in at most $1 utility, but
he still has opportunities to get one item for less than $2,
resulting in more than $1 utility.

Another rare source of inefficiency comes from the
preferential treatment of unconditional bids: it occurs
is when step 7 has exactly /; unconditional bids and M=
2”7, In this case, the unconditional bidders get all the
goods at the reserve price even though there may be
conditional bidders who bid higher than the uncondi-
tional bidders. This problem might be fixed by
considering the conditional bids when determining the
allocation if there are exactly /; unconditional bids.
However, such modification would break Lemma 7 and
thus compromise the robustness against false-name bids.

As we have mentioned earlier, we sometimes need to
sacrifice the efficiency of a mechanism in special cases
as a trade-off for security and incentive compatibility.
All of the existing protocols against false-name bids
[18,16,21,20,17] as well as BVA sacrifice efficiency to
various degrees.

3.5. Proof of computational efficiency

Theorem 10. The BVA is computationally efficient
because the allocation of a BVA auction can be de-
termined in only O(b log M) time, where M is the total
number of goods for auction and bis total the number

of bids.

Proof. Since the number of allocation steps is at most 1+
log, M, it is enough to show that the allocation in each

step, that is, selecting the /; highest bidders, can be
decided in O(b) time. This is true because there is a well-
known algorithm [5] to select the i largest elements from
a totally ordered set of K elements in O(K) time. (]

3.6. Bidding strategies

3.6.1. Labeling a bid “unconditional” or “conditional?”

Even though the BVA protocol is incentive-compat-
ible in the sense that a bidder’s best strategy is to bid his
true valuation, it is not clear whether he should submit an
“unconditional” or a “conditional” bid in each situation.
The bidder’s best strategy depends on other bidders’
valuations.

Example 11. There are 2 tickets for sale, with a $10
reserve price for each, and two bidders, Alice and Bob.
Each ticket is worth $15 to Alice, who is indifferent
between obtaining either one or two tickets.

Clearly, Alice bids $15 per item for both the bundle of
2 tickets and for a single ticket. The only question is
whether to bid conditionally or unconditionally. Table 5
shows that Alice should always bid unconditionally
because the number of tickets for sale is a multiple of
each bundle size at both of the allocation steps. Note that
in this and the following examples each column under
the “bid type” header depicts a separate case.

To generalize, if A’s marginal valuation for each item
is at least the reserve and the number of goods un-
allocated before step i is exactly 2”'I;, which happens if
and only if M is a multiple of 2", then bidder 4’s best
strategy is to always bid unconditionally for bundle sizes

Table 5
Here is an example of the BVA auction where a bidder’s best strategy
is to always submit an “unconditional” bid for step i

Bidder Qty. Bid Bid type Bid Bid type
Alice 2 $30 U C $30 U C
Bob 2 - - - $28 U U
Alice 1 $15 — 8] $15 U -
Bob 1 - - - - - -
Alloc. Alice 2 1 2 0
Bob 0 0 0 2
Payment  Alice $20 $10 $28 $0
Bob $0 $0 $0 $20
Utility Alice $10 $5 $2 $0
Bob $0 $0 $0 $8
Seller $0 $0 $8 $0
Social surplus $10 $5 $10 $8

In general, when the number of tickets unallocated before step i is
exactly a multiple of the bundle size in step 7, and a bidder’s marginal
valuation for each item meets the reserve, then his best strategy is to
always submit an “unconditional” bid for the bundle allocated in step i.
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2™ or smaller. If there are less than /; unconditional
bidders other than 4 and 4 bids unconditionally, he will
get 2" goods at the reserve price. This is the best deal he
can get because he cannot get anything below the
reserve, and he still makes a profit (or at least breaks
even) on every item he obtains since his marginal
valuation of each item is at least the reserve price. If there
are more than /; unconditional bidders other than 4, case
3 of the auction rules will be applied and it makes no
difference whether 4 bids conditionally or uncondition-
ally. If there are exactly /; unconditional bidders other
than 4 and A only bids conditionally, all unallocated
goods will be sold to these unconditional bidders and
none will be left for 4, and so, again, he has to bid
unconditionally.

Example 12. There are 3 tickets for sale, with a $10
reserve price for each, and two bidders, Alice and Bob.
Each ticket is worth $15 to Alice, who is indifferent
between obtaining either one or two tickets.

Table 6 shows that when the number of tickets for
allocation before step O (i.c., 3) is not a multiple of the
bundle size 2, whether Alice can obtain optimal utility
from a conditional or unconditional bid depends on
Bob’s bids. If Bob’s bid is high, Alice is better off
bidding conditionally in order to get one ticket for $10.
If, however, Bob’s bid for two tickets is low, Alice can
obtain better utility by bidding unconditionally and
paying Bob’s bid.

To generalize, if the number of items unallocated
before step i is not exactly 2" I, which happens if and

Table 6

Here is an example of the BVA auction where a bidder is uncertain
whether to submit a “conditional” bid or an “unconditional” bid for
step 7

Bidder Qty. Bid Bid type Bid Bid type
Alice 2 $30 C U $30 C U
Bob 2 $28 U 8] $22 U U
Alice 1 $15 U U $15 U U
Bob 1 - - - - - -
Alloc. Alice 1 2 1 2
Bob 2 0 2 0
Payment  Alice $10 $28 $10 $22
Bob $20 $0 $20 $0
Utility Alice $5 $2 $5 $8
Bob $8 $0 $2 $0
Seller $0 $8 $0 $2
Social surplus $13 $10 $7 $10

In general, when the number of tickets unallocated before step i is not
exactly a multiple of the bundle size in step i, whether a bidder will
benefit more from a “conditional” or an “unconditional” bid depends
on other buyers’ bids.

only if M is not a multiple of 2”7, it is unclear whether
bidder A’s best strategy is to bid conditionally or
unconditionally. If the number of unconditional bidders
except for 4 at step i is exactly /;, A’s unconditional bid
would cause the allocation to terminate at step 7, and if
there are at least /; bids (considering conditional bids as
well) above A4’s bid, 4 will not get anything. If 4 only
submits a conditional bid, however, the auction would
continue, and 4 might get a chance to obtain some
goods.

Clearly, when M is not a multiple of 2", and a
bidder’s objective is to maximize his utility, his decision
on submitting a conditional or unconditional bid depends
on the bids of others.

3.6.2. Prisoner's dilemma

Example 13. There are 2 tickets for sale, with a $10
reserve price for each, and three bidders, Alice, Bob and
Carol. Both Alice and Bob would each like to buy one
ticket for at most $15 and are also willing to accept two
tickets for $22.50 or less. Carol only wants one ticket for
at most $14.

Table 7 shows the possible bid combinations and the
resulting allocations, utilities, and social surpluses.

The bidding scheme resulting in the maximum social
surplus shows that the optimal allocation should give
each of Alice and Bob one ticket for $14 and each of
them has a $1 utility. The optimal allocation is achieved
if no one bids unconditionally for two tickets. For Alice
and Bob, however, it is not a stable strategy to bid
conditionally for two tickets at their valuations. In the
case that one of them bids unconditionally and the other
bids conditionally, one who bids unconditionally will
get $2.5 utility while the other will get $0 utility. In the
case that both of them bid unconditionally, there will be
a random draw for the winner and both the winner and
the loser get $0 utility.

3.6.3. Potential violation of individual rationality for
bidders

In the BVA, if a bidder wants to purchase a power-of-
two number of goods, his payment will never exceed his
valuation. Otherwise, in extreme cases where there is a
strong complementarity among a bidder’s valuations of
the desired non-power-of-two unit of goods, a bidder can
be unlucky in that he may have to pay more than his
valuation.

Example 14. There are 3 tickets for sale, with a $10
reserve price for each, and two bidders, Alice and Bob.
Alice wants to buy all 3 tickets together for $12 each and
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Table 7

Example: “prisoner’s dilemma” in the BVA

Bidder Qty. Bid Bid type

Alice 2 $22.5 C U C U

Bob 2 $22.5 C C U U

Carol 2 $14.0 Below the reserve

Alice 1 $15.0 All Bids are considered

Bob 1 $15.0 as unconditional

Carol 1 $14.0

Alloc. Alice 1 2 0 2/0
Bob 1 0 2 0/2
Carol 0 0 0 0

Payment Alice $14 $20 $0 $22.5/$0
Bob $14 $0 $20 $0/$22.5
Carol $0 $0 $0 $0

Utility Alice $1 $2.5 $0 $0
Bob $1 $0 $2.5 $0
Carol $0 $0 $0 $0
Seller $8 $0 $0 $2.5

Social surplus $10 $2.5 $2.5 $2.5

will not buy less than 3 tickets. Bob wants to buy 2
tickets for $12 each or 1 ticket for either $15 (in cases 1
and 2) or $17 (in cases 3 and 4).

Table 8 shows the possible outcomes in different
cases. Clearly, Alice can only get all 3 tickets if she is the
only unconditional bidder for the bundle of 2 tickets
because Bob’s bid is higher than Alice’s. Alice only bids
the minimum (i.e., $20) for the bundle, rather than any
higher value (say $24), because she can only make a
profit if she buys the third ticket. The third ticket is
allocated only if the unconditional demand for the
bundle of 2 tickets is less than the supply (i.e., when
Alice is the only unconditional bidder for 2 tickets).
Alice only needs to bid at the reserve in order to win, and
bids any higher would risk her winning over another
unconditional bidder, in which case the third ticket
would be unsold and Alice would lose money. With her
$20 bid for 2 tickets, Alice’s bid for one ticket should be
$36, which would be her marginal valuation for the third
ticket.

When Bob bids conditionally for 2 tickets and more
than $16 (say $17) for 1 ticket, Alice’s utility becomes
negative: although Alice gets all 3 tickets, she has to pay
altogether $37 altogether, which is higher than her
valuation.

Assume there are more than 3 tickets (say 4) for
auction and Alice’s valuation for 3 tickets is $40. Alice
may bid unconditionally for 4 tickets, in which case her
utility would be $0 if she wins. If she does not bid for 4
tickets, it is uncertain whether she would have higher or
lower utility. Alice’s best strategy depends on the dis-
tribution of other bidders’ valuations, and Alice can use

the distribution to calculate her expected utility and
choose the best strategy.

4. The BVA market mechanism

The problem with buyer false-name bids in one-sided
auctions can occur in on-line exchange markets as well.
Unfortunately, the current exchange mechanisms in
practice are not designed to handle this type of fraud.
The “Threshold Price Double Auction Protocol” in Ref.
[19] is the only attempt so far to address this issue.
However, its requirement that the clearing price be chosen
by the auctioneer even before the sellers and buyers
submit their bids makes this mechanism questionable
because it defeats one of the main features of exchange
markets — price discovery.

The following market mechanism is our suggestion
on how to handle buyer false-name bids in double auc-
tions. Here we extend the BVA auction protocol to a
BVA market mechanism with which multiple sellers can
sell multi-units of identical goods (e.g., a particular
stock) to multiple buyers. The robustness against buyer
false-name bids is preserved.

Definition 15. (The BVA Market Mechanism)

There are t>1 sellers. Seller s (s=1,..., ¢) has M°
items for sale with a reserve price 7, for each item. Sellers
are ordered according to their reserve prices: r; <...<r,.
Let M=Y!_, M*. Choose m to satisfy 2" <M<2""",
For each bundle size of 2" goods (i=0...., m), a bidder
can submit at most one sealed-bid and label it either
“conditional” or “unconditional”. Bids for a single item
are by default “unconditional”. Bidders submit their
sealed-bids before the market price-clearing time. The
market clears in at most m+ 1 steps, starting with step 0.

Table 8
Example: a violation of individual rationality in the BVA
Bidder Qty. Bid Bid type Bid Bid type
Alice 2 $20 U 6] $20 6] 6]
Bob 2 $24 C 6] $24 C U
Alice 1 $36 U 6] $36 6] U
Bob 1 $15 U 8] $17 U U
Alloc. Alice 3 0 3 0
Bob 0 2 0 2
Payment  Alice $35 $0 $37 $0
Bob $0 $20 $0 $20
Utility Alice $1 $0 -$1 $0
Bob $0 $4 $0 $4
Seller $5 $0 $7 $0
Social Surplus $6 $4 $6 $4
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At step i (i=0,..., m), the market maker only considers
bids for the bundle size of 2" goods. “Unconditional”
bids are always considered, but “conditional” bids are
considered only if the “unconditional” demand exceeds
the supply at the given bundle size. Let M; be the
number of unallocated goods before step i from the
seller s Yvith the reserve price r, and M;=Y .| M;. Let
IF= [g— denote the number of unallocated bundles for
step i from the sellersand /; = >!_ | I¥ = [2% , where
[x] denotes the largest integer not greater than x. By
definition, My=M and I,=1.

Let D;(p) be the number of unconditional bids for a
bundle size of 2”7 that is at least 2" 'p (the demand
function), where p denotes price. Let S p) be the
number of bundles with size 2" offered with the price at
most 2" 'p (the supply function).

Note that S(p)=3,_, Ii. D{p) is monotone
decreasing whereas S,(p) is monotone increasing.
Define P; = { peR:D;(p)NS;i(p)} as the set of prices
at which the unconditional demand exceeds supply in
step 1.

Allocation step 7 is conducted as follows:

(1) Only bids for the bundle size of 2" goods are
considered.

(2) If ;=0 or P; is empty, the allocation proceeds to
step i+ 1 or terminates if i=m.

(3) Ifr,=P;(i.e., there are more than /; “unconditional”
bids at or above the highest reserve price), both the
“conditional” and “‘unconditional” bids are sorted in
a decreasing bid order. Each of'the /; highest bidders
gets 2 goods and pays the (/;+ 1)th highest bid.
The auction terminates.

(4) Otherwise, let p;=sup P; (i.e., the price where the
demand and supply functions intersect). If D,
(p) =S p;), the D(p,;) bidders who bid p; or
higher win. Any remaining goods with the reserve
price at p; or higher are carried over to step i+1
unless i=m. If D(p,)>S{ p;), the S{ p;) highest
bidders win. Any remaining goods with the
reserve prices strictly greater than p; are carried
over to step i+ 1 unless i=m. Each of the winning
bidders pays 2" 'p;. “Conditional” bids are not
considered. If i=m or if there are no goods left for
sale for step i+1, the auction terminates. Other-
wise, the allocation proceeds to step i+ 1.

Note that in the case of a single seller, the BVA market
mechanism is the same as the BVA one-sided auction
protocol in Definition 3.

Next we show that the incentive compatibility
theorem and all the lemmas that we have proved about

the BVA one-sided auction protocol still hold in the
BVA market mechanism. These proofs can be carried
over based on the following lemma:

Lemma 16. In the BVA market mechanism, the payment
for a single item is mono-tone increasing along the
allocation steps, excluding the steps where no good is
allocated.

Proof. By definition, in every step where goods are

allocated, only the remaining goods with the reserve

price no less than the sale price per item in the current

step are carried over to subsequent steps. This guarantees

that the payment for a single item is non-decreasing

along the allocation steps. L]
Hence, we have:

Theorem 17. The BVA market mechanism is incentive-
compatible even if buyers can submit false-name bids.

Moreover, the BVA market mechanism is incentive-
compatible for sellers as well in that, sellers truthfully
disclose their reserve prices even though they can submit
bids under false buyer identities for their own items. This
is because each allocation step of the BVA market me-
chanism is a sealed-bid auction, in which submitting a
shill bid has the same effect as setting the reserve at the
shill bid level [17].

The following theorem states that the BVA market
mechanism has a linear computational complexity.

Theorem 18. /n a BVA market mechanism, let M be the
total number of goods for sale, t be the number of sellers,
and b be the total number of bids. The market clearing
can be determined in O((t+b)log M) time.

Proof. Since the number of steps is at most log, M+1,
it is enough to show that the allocation for each step can
be decided in O(¢+b) time.

Si(p) and Dy p) are stair-like functions. The value of
Si(p) only jumps when p equals the reserve price of one
of the sellers. Similarly, D;( p) only drops if p equals one
of the unconditional bids. Therefore S,( p), DA p),P; and
p; can be calculated in O(¢+b) time.

Theorem 18 immediately follows if we can select the /;
or Si( p;) highest bids in O(¢+b) time. In fact, we can even
do so in O(b) time because the number of bids is . [

5. Concluding remarks

Changes in the commerce and business environments
demand the modification or even an entirely new design
of traditional market trading rules and business policies.
Unlike in a fixed-price transaction where the structure of
buying and selling is simple and hence easy to be



312 Z. Hidvégi et al. / Decision Support Systems 43 (2007) 301-312

transcribed into the digital market, the structure of auc-
tions, where prices are determined dynamically and
trades can be accessed by anyone from the globe, is much
more complicated. This complexity leaves more room
for fraud. In order for an auction mechanism to maintain
itself in the new Internet trading environment, it is crucial
to ensure that its structure fulfills the desired objectives
of legitimate agents.

Our BVA auction protocol is designed to be com-
putationally efficient and to have a structure robust against
buyer false-name bids and hence protective to the social
welfare in multi-unit sealed-bid online auctions. Ina BVA
auction, both the bids and the allocation of goods are in
various bundles of power-of-two items. This binary
operation makes the BVA computationally very efficient
for auctioneers and sellers and also contributes to a
systemic design that makes the BVA robust against buyer
false-name bids. The BVA favors bids for larger bundles
with earlier considerations and cheaper prices, which
inhibits bidders’ incentive to split a bid for a larger bundle
into several bids for smaller bundles under false identities.

As we have mentioned before, in practical market
design, we need to consider the trade-off between the
mathematical optimization results abstract from the
reality and the added constraints caused by trading en-
vironments and applied technology. Consideration of the
practical trading environments will lead to sacrifices in
objectives, such as the reduction in social surplus, ef-
ficiency, or simplicity. Hence, our design goal is to
search for the second-best mechanism that is still nearly
optimal, but resilient to online fraud. Based on buyers’
value distribution, none of the existing multi-unit sealed-
bid auction protocols can achieve optimal performance.
In some cases the existing buyer-false-name-proof multi-
unit sealed-bid protocols — LDS, LPS, and IR -
significantly reduce the social surplus. Our BVA reduces
social surplus as well, but not as much as in the LDS,
LPS, and IR auctions. In extreme cases, the BVA may
violate rationality, but its robustness against false-name
bids is always achieved and the computational com-
plexity of allocation is much reduced, making the BVA
protocol easier to implement, compared to the VCG,
LDS, LPS and IR protocols.

We also extend the BVA for double auctions. We
believe the computational efficiency of our BVA market
mechanism can especially benefit the large scale op-
eration of B2B exchange markets.
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